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Notations

GQ Absolute Galois group of Q

f “
8
ř

n“1
anpf qq

n P Snew
k pN, εq

parabolic, normalized, new eigenform
of weight k , level N and character ε

Kf coefficient field of f

λ place of Kf above a prime number `

Fλ residual field of λ

Deligne attached in 1972 to f and λ, a semi-simple residual Galois
representation

ρf ,λ : GQ Ñ GL2pFλq,
unramified outside N` and such that

Trpρf ,λpFrobpqq “ appf q, for p - N`

detpρf ,λq “ χk´1
` ε
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Ribet’s theorem

Theorem (Ribet, 1985)
For all but finitely many places λ, ρf ,λ is irreducible;
If f is not CM, for all but finitely many places λ, ` divides |ρf ,λpGQq|.

This finite set of places is called exceptional places.

∆ P S12p1q: ρ∆,` is reducible for ` “ 2, 3, 5, 7, 691 and irreducible but of
order prime to ` for ` “ 23.
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Questions

1 Can we find a computable bound for the “exceptional” places?

2 Can we explicitly compute the “exceptional” places?
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Cardinal of the image

If ` does not divide |ρf ,λpGQq|, three cases:

The representation is reducible;
The image of ρf ,λpGQq in PGL2pFλq is dihedral;
The image of ρf ,λpGQq in PGL2pFλq is A4, S4 or A5.

Theorem (P., 2019)
If ρf ,λ has projective image isomorphic to A4, S4 or A5, the ` | N or
` ď 4k ´ 3.
If ρf ,λ has dihedral projective image, then

` ď p2p8kN2p2 log logpNq ` 2.4qq
k´1
2 qrKf :Qs;
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Reducible case

Theorem (P., 2019)
If ρf ,λ is reducible, then one of the following applies:

1 ` | NφpNq, or ` ď k ` 1;

2 There exists two primitive Dirichlet characters ε1, ε2 of conductor c1,
c2 such that ε1ε2 “ ε, c1c2 | N and ` divides one of the following:

The norm of pk ´ ε1ppqε2ppq for p | N;
The norm of pk ´ pε1ε2q0ppq for p | N;
The numerator of the norm of Bk,pε1ε2q0

2k ,

where
8
ř

k“0

Bk,χ

k! tk “
c´1
ř

n“1
χpnq tent

ect´1 , and χ0 is the primitive character

associated to χ.
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Reducible case: general idea

If ρf ,λ is reducible then

ρss
f ,λ – χa

`ν1 ‘ χ
b
` ν2,

with νi : pZ{ciZqˆ Ñ F`
ˆ primitive, 0 ď a ď b ď `´ 2.

χk´1
` ε ” χa`b

` ν1ν2 pmod λq;
appf q ” paν1ppq ` pbν2ppq pmod λq for p - N`.

Moreover c1c2 | N.

Assuming ` - NφpNq and ` ą k ` 1, we get a “ 0, b ” k ´ 1 pmod `´ 1q,
ε1ε2 “ ε (with εi the multiplicative lift of νi ).
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Eisenstein series

For k ě 2, εi primitive Dirichlet character mod ci .

E “ C `
8
ÿ

n“1

¨

˝

ÿ

d |n

dk´1ε1

´n

d

¯

ε2pdq

˛

‚qn P Mkpc1c2, ε1ε2q,

ù appE q “ ε1ppq ` pk´1ε2ppq;

We get for all p - N`, appf q ” appE q pmod λq.
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Reducible case: general idea II

Proposition
Let πMpf q :“

ř

pn,Mq“1
anpf qq

n. It’s a modular form of weight k and level

N ¨
ś

p|M

p
ś

p|M,p-N
p.

In particular πN`pf q P
"

MkpN` radpNqq if ` | N
MkpN`

2 radpNqq if ` - N .

Finally πN`pf q ” πN`pE q pmod λq and πN`pE q must vanish at all cusps, at
least mod λ.

Explicit computations of the constant term of πN`pE q at the cusps give the
result.
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Algorithm for the reducible case

1 Compute all the factorisations ε “ ε1ε2 with εi primitive mod ci and
c1c2 | N;

2 For all pε1, ε2q, compute the norm of pk ´ ε1ppqε2ppq and
pk ´ pε1ε2q0ppq for p | N, and of

Bk,pε1ε2q0
2k ;

3 Factor those norms in prime factors;
4 The possible reducible primes are these factors together with the

primes ` ď k ` 1 or | NφpNq.
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Applicability of the theorems?

Reducible case:
factorization of the Bernoulli numbers.

N
´

B13,χ
26

¯

“

2 ¨ 113 ¨ 193 ¨ 134558553601 ¨ 22067375903528446377409¨
5243623697667301362305248753 ¨ 75053542187671653809158254882983463300937121

17

with χ : pZ{17Zqˆ Ñ Cˆ sending 3 to e
2iπ
16 .

Dihedral case:
Astronomical bound.
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Reducible case: explicit check I

Can we compute the exact list of “exceptional” primes?

ρss
f ,λ – χa

`ν1 ‘ χ
b
` ν2

νi : pZ{ciZqˆ Ñ F`
ˆ primitive, c1c2|N and 0 ď a ď b ď `´ 2.

So for p - N`, appf q ” paappE q pmod λq for a well chosen Eisenstein series.

E “

$

’

’

&

’

’

%

E ε1,ε2
b´a`1 if b ´ a ą 1 and pb ´ a, ε1, ε2q ‰ p1, 1, 1q

E ε1,ε2
b´a`` if

"

pb ´ a, ε1, ε2q “ p1, 1, 1q
or b ´ a “ 0 and p`, ε1, ε2q ‰ p2, 1, 1q

E4 if pb “ a, ` “ 2, ε1 “ ε2 “ 1q
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Reducible case: explicit check II

The following are equivalent:

1 ρss
f ,λ – χa

`ε1 ‘ χ
b
` ε2 as before;

2 for all primes p - N`, appf q ” paappE q pmod λq;

3 πN`pf q ” E pmod λq with

E P MkE`ap``1qpN
1q such that E ”

ř

pn,N`q“1
naanpE qq

n pmod λq;

4 for all primes p ď
maxpk, kE ` ap`` 1qqN

12
ś

q|N`

pq ` 1q, p - N`,

appf q ” paappE q pmod λq.
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Reducible case: explicit check III

The previous congruences depend on the residual characteristic `.

Can we avoid the calculation of the candidates primes?

Proposition
If ρf ,λ is reducible for ` ą k ` 1, ` - NφpNq, then

πN`pf q ” πN`pE
ε1,ε2
k q pmod λq,

with ε1ε2 “ ε.
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Algorithm

1 For all ε1ε2 “ ε, compute gcd
pďB,p-N

p ¨
`

appf q ´ appE
ε1,ε2
k q

˘

, these are

the reducible primes bigger than k ` 1 and not dividing NφpNq;

2 For all ` ď k ` 1 or ` | NφpNq, compute the possible Dirichlet
characters and powers of the cyclotomic character of the
decomposition;

3 For all set of parameters, check the previous congruences.
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Thank you for your attention!
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