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Go Absolute Galois group of Q

parabolic, normalized, new eigenform
of weight k, level N and character ¢

n=1
Kr coefficient field of f
A place of K¢ above a prime number ¢
Fy residual field of A
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Go Absolute Galois group of Q

parabolic, normalized, new eigenform
of weight k, level N and character ¢

n=1
Kr coefficient field of f
A place of K¢ above a prime number ¢
Fy residual field of A

Deligne attached in 1972 to f and A, a semi-simple residual Galois

representation
ﬁﬂ)\ . GQ i GLz(F)\),

unramified outside N¢ and such that
Tr(pf x(Froby)) = ap(f),for p 1 N¢
det(pr ) = X ‘e
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Ribet's theorem

Theorem (Ribet, 1985)

e For all but finitely many places A, py  is irreducible;
o If f is not CM, for all but finitely many places A, ¢ divides |p¢ 5 (Gg)|.

This finite set of places is called exceptional places.
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Ribet's theorem

Theorem (Ribet, 1985)

e For all but finitely many places A, py  is irreducible;
o If f is not CM, for all but finitely many places A, ¢ divides |p¢ 5 (Gg)|.

This finite set of places is called exceptional places.

A € S12(1): pay is reducible for £ = 2,3,5,7,691 and irreducible but of
order prime to ¢ for ¢ = 23.
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Questions

@ Can we find a computable bound for the “exceptional” places?
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@ Can we find a computable bound for the “exceptional” places?

@ Can we explicitly compute the “exceptional” places?
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Cardinal of the image

If £ does not divide [ps ,(Gg)|, three cases:
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Cardinal of the image

If £ does not divide [ps ,(Gg)|, three cases:

@ The representation is reducible;
o The image of pr \(Gg) in PGL2(F)) is dihedral;
o The image of pr ,(Gg) in PGLa(IFy) is g, &4 or As.

Baptiste Peaucelle (LMBP) Small image theorem January 22th, 2020 5/16



Cardinal of the image

If £ does not divide [ps ,(Gg)|, three cases:
@ The representation is reducible;
o The image of pr \(Gg) in PGL2(F)) is dihedral;
o The image of pr ,(Gg) in PGLa(IFy) is g, &4 or As.

Theorem (P., 2019)

o If ps , has projective image isomorphic to 21, &4 or As, the £ | N or
{ < 4k —3.
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Cardinal of the image

If £ does not divide [ps ,(Gg)|, three cases:
@ The representation is reducible;
o The image of pr \(Gg) in PGL2(F)) is dihedral;
o The image of pr ,(Gg) in PGLa(IFy) is g, &4 or As.

Theorem (P., 2019)

o If ps , has projective image isomorphic to 21, &4 or As, the £ | N or
{ < 4k —3.

o If ps 5 has dihedral projective image then
0 < (2(8kN2(2log log(N) + 2.4)) 5" )[KrQl,
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Reducible case

Theorem (P., 2019)

If pf » is reducible, then one of the following applies:

Q (| Np(N), or £ < k +1;
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Reducible case

Theorem (P., 2019)

If pf » is reducible, then one of the following applies:

Q (| Np(N), or £ < k +1;

@ There exists two primitive Dirichlet characters 1, €5 of conductor ¢,
¢z such that e1ep = ¢, ¢1c2 | N and £ divides one of the following:
o The norm of p* — e1(p)&2(p) for p | N;
o The norm of p* — (£183)0(p) for p | N;
o The numerator of the norm of @,

o0

where ] kxtk Z x(n )e‘t 7, and xo is the primitive character
k=0

associated to .
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Reducible case: general idea

If pf » is reducible then
=85~ a ~b
PfA = X1 D X2,

with v; @ (Z/¢;Z)* — F, " primitive, 0 S a< b < { —2.
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Reducible case: general idea

If pf » is reducible then
PEx = Xiv1 @ Xeve,
with v; @ (Z/¢;Z)* — F, " primitive, 0 S a< b < { —2.

Yéf_ls = yfbylyz (mod \);

ap(f) = p?vi(p) + pPra(p) (mod A) for p f NE.
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Reducible case: general idea

If pf » is reducible then
PEx = Xiv1 @ Xeve,
with v; @ (Z/¢;Z)* — F, " primitive, 0 S a< b < { —2.

Yéf_ls = yfbylyz (mod \);

ap(f) = p?vi(p) + pPra(p) (mod A) for p f NE.

Moreover c¢icp | N.

Assuming £1 Nop(N) and £ > k+ 1, weget a=0,b=k—1 (mod ¢ — 1),
e1€9 = € (with ¢; the multiplicative lift of ;).
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Eisenstein series

For k = 2, &; primitive Dirichlet character mod ;.

0
Z de 1 n)sg(d) q" € Mi(c1¢2,€162),

v ap(E) = e1(p) + p*tea(p);
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Eisenstein series

For k = 2, &; primitive Dirichlet character mod ;.

0
n
2 dk 1 <d)€2(d) q EMk(C1C2,6162)
n=1 \d|n

-1

v ap(E) = e1(p) + p*Lea(p);

We get for all p{ N¢, ap(f) = ap(E) (mod A).
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Reducible case: general idea Il

Proposition

Let my(f) :== >, an(f)g". It's a modular form of weight k and level
(n,M)=1

N-TIp II »

pIM  p|M,ptN
My (Nerad(N)) if | N

In particular mp(f) € { My (N2 rad(N)) if €1 N °
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N-TIp II »

pIM  p|M,ptN
My (Nerad(N)) if €| N

In particular mp(f) € { My (N2 rad(N)) i £ N °

Finally mne(f) = mne(E) (mod A) and mpe(E) must vanish at all cusps, at
least mod .
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Reducible case: general idea Il

Proposition

Let my(f) :== >, an(f)g". It's a modular form of weight k and level
(n,M)=1

N-TIp II »

pIM  p|M,ptN
. My (Nerad(N)) if¢| N
In particular mp(f) € { My (N2 rad(N)) i £ N °

Finally mne(f) = mne(E) (mod A) and mpe(E) must vanish at all cusps, at
least mod .

Explicit computations of the constant term of mpy(E) at the cusps give the
result.
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Algorithm for the reducible case

@ Compute all the factorisations ¢ = £1&5 with ¢; primitive mod ¢; and
C1C2 | N;
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Algorithm for the reducible case

@ Compute all the factorisations ¢ = £1&5 with ¢; primitive mod ¢; and
cie | V;
@ For all (g1,¢2), compute the norm of pX — ¢1(p)z3(p) and
B, —
p* — (e182)0(p) for p | N, and of —1=2)e.
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B, —
pk — (e182)0(p) for p | N, and of 7“;}(82)0;
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Algorithm for the reducible case

@ Compute all the factorisations ¢ = £1&5 with ¢; primitive mod ¢; and
C1C2 | N;

@ For all (g1,¢2), compute the norm of pX — ¢1(p)z3(p) and
B, —
pk — (e182)0(p) for p | N, and of 7“;}(82)0;
© Factor those norms in prime factors;

@ The possible reducible primes are these factors together with the
primes £ < k + 1 or | No(N).
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Applicability of the theorems?

Reducible case:

o factorization of the Bernoulli numbers.
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Applicability of the theorems?

Reducible case:

o factorization of the Bernoulli numbers.

2-113 - 193 - 134558553601 - 22067375903528446377409-
N < Bl3,x ) _ 5243623697667301362305248753 - 75053542187671653809158254882983463300937121

26 17
with x : (Z/17Z)* — C* sending 3 to e 16 .
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Applicability of the theorems?

Reducible case:

o factorization of the Bernoulli numbers.

2-113 - 193 - 134558553601 - 22067375903528446377409-
N < Bl3,x ) _ 5243623697667301362305248753 - 75053542187671653809158254882983463300937121

26 17
with x : (Z/17Z)* — C* sending 3 to e 16 .
Dihedral case:

@ Astronomical bound.
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Reducible case: explicit check |

Can we compute the exact list of “exceptional” primes? ]
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Reducible case: explicit check |

Can we compute the exact list of “exceptional” primes? ]

—SS . —a —b
P = X1 D X2

vi: (Z)¢;Z)* — Ty~ primitive, cico]Nand 0 <a< b <l —2.
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Reducible case: explicit check |

Can we compute the exact list of “exceptional” primes? ]

PEy = X1 ® XPv2
vi: (Z)¢;Z)* — Ty~ primitive, cico]Nand 0 <a< b <l —2.

So for p{ N¢, ap(f) = p?ap(E) (mod ) for a well chosen Eisenstein series.
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Reducible case: explicit check |

Can we compute the exact list of “exceptional” primes?

PEy = X1 ® XPv2
vi: (Z)¢;Z)* — Ty~ primitive, cico]Nand 0 <a< b <l —2.

So for p{ N¢, ap(f) = p?ap(E) (mod ) for a well chosen Eisenstein series.

E;ri, ifb—a>1land (b—ae1,e2) # (1,1,1)
E = Eeroc2 if (b—a,e1,e2) = (1,1,1)
b—a+t orb—a=0and ({,e1,62) # (2,1,1)
E4 if(b=al=2¢e =e=1)
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Reducible case: explicit check Il

The following are equivalent:

Q rf) = y;?a@yf@ as before;
Q@ for all primes p { N¢, ap(f) = p?ap(E) (mod \);
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Q rf) = y;?a@yf@ as before;
Q@ for all primes p { N¢, ap(f) = p?ap(E) (mod \);
@ 7ne(f) =& (mod \) with

E €My qa+1)(N') such that E= > n?a,(E)q" (mod A);
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Reducible case: explicit check Il

The following are equivalent:
Q rf) = y;?a@yf@ as before;
Q@ for all primes p { N¢, ap(f) = p?ap(E) (mod \);
@ 7ne(f) =& (mod \) with
E €My qa+1)(N') such that E= > n?a,(E)q" (mod A);
(n,N€)=1

k, k 1N
max(k, ke + a(¢ + 1)) [1(a+1), ptNE,
12 qlNe

@ for all primes p <

ap(F) = p*ap(E) (mod \).
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Reducible case: explicit check Il

The previous congruences depend on the residual characteristic /.
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Reducible case: explicit check Il

The previous congruences depend on the residual characteristic /.

Can we avoid the calculation of the candidates primes? J
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Reducible case: explicit check Il

The previous congruences depend on the residual characteristic /.

Can we avoid the calculation of the candidates primes? J

Proposition

If ¢ 5 is reducible for £ > k + 1, £1 No(N), then

7TNg(f> = TFNg(Elfl’Ez) (mod )\),

with g16, = €.
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Q For all 165 = ¢, compute  ged  p - (ap(f) — ap(E;*?)), these are
p<B,ptN
the reducible primes bigger than k + 1 and not dividing N¢(N);
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Q For all 165 = ¢, compute  ged  p - (ap(f) — ap(E;*?)), these are
p<B,ptN
the reducible primes bigger than k + 1 and not dividing N¢(N);
@ Forall £ < k+1ort|Np(N), compute the possible Dirichlet
characters and powers of the cyclotomic character of the
decomposition;
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Q For all 165 = ¢, compute  ged  p - (ap(f) — ap(E;*?)), these are
p<B,ptN
the reducible primes bigger than k + 1 and not dividing N¢(N);

@ Forall £ < k+1ort|Np(N), compute the possible Dirichlet
characters and powers of the cyclotomic character of the
decomposition;

© For all set of parameters, check the previous congruences.
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Thank you for your attention!
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